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Abstract
We define the homotopy theory for topological semigroups and study some of its basic properties.
The notions of the retract, the contractible space, the fibration, and the cofibration are extended
to topological semigroups. Ten interesting classes of maps are also introduced and examined. The
proofs for some of the results are omitted because of space limitations.  2001 Elsevier Science B.V.
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1. Introduction
The classical homotopy theory could be described as a study of the equivalence relation
of homotopy for continuous functions between topological spaces. Two such functions
f,g :X→ Y are homotopic provided there is a continuous function H (called homotopy)
from the product of X with the unit segment I into Y such that H(x,0) = f (x) and
H(x,1)= g(x) for every x ∈X and every t ∈ I .
The homotopy theory is an important part of mathematics which has many applications
and numerous variants, generalisations, and adaptations. It has been improved to the shape
theory in order to deal better with spaces with poor local properties.
In an attempt to define the shape theory for topological semigroups, the author has
discovered that even their homotopy theory is not known much. In this paper we shall try
to change this with the description of the homotopy theory for topological semigroups and
the introduction of analogues of basic notions like retraction, contractibility, fibration, and
cofibration. We also define ten classes of homomorphisms between topological semigroups
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that appear naturally in many situations. Due to space limitation, we shall only state some
results without giving their proofs.
2. S-homotopy
By a topological semigroup or an S-space we mean a pair (X,a) consisting of a
topological space X and a map (i.e., a continuous function) a :X × X → X from the
product X×X into X such that
a
(
x, a(y, z)
)= a(a(x, y), z) (1)
for all x, y, z ∈X.
It is customary to call the map a the multiplication and to denote the value a(x, y) of
a at the pair (x, y) ∈X ×X by the product xy . The relation (1) is the usual associativity
condition x(yz) = (xy)z. Hence, an S-spaces is a space with a continuous associative
multiplication.
Let (X,a) and (Y, b) be S-spaces. We shall write f : (X,a)→ (Y, b) and say that f
is a homomorphism or an S-map from (X,a) into (Y, b) provided f is a map from X
into Y which preserves multiplications (i.e., such that f (a(x, y))= b(f (x), f (y)) for all
x, y ∈X).
Observe that the composition of S-maps is an S-map and that the identity map idX on a
space X is an S-map from the S-space (X,a) into itself for every continuous associative
multiplications a on X. It follows that S-spaces as objects and S-maps as morphisms form
a category which we denote by S . We also use S to denote the class of all S-spaces while
ϑ stands for the class of all S-maps.
There are many ways in which a space can be regarded as an S-space. The following
two are important in our theory.
For a space X, let p and q be continuous associative multiplications on X defined by
p(x, y)= x and q(x, y)= y for all x, y ∈X. Since a function f :X→ Y between spaces
X and Y is an S-map between S-spaces (X,p) and (Y,p) or (X,q) and (Y, q) if and only
if it is continuous, there are obvious covariant embeddings Ep and Eq of the category T of
spaces and maps into the category S of S-spaces and S-maps.
Our goal now is to define a notion of homotopy in the category S in such a way that the
functors Ep and Eq will induce embeddings of the corresponding homotopy categories H
and K.
Let (X,a) be an S-space. Let P(X) be the space of all maps from the unit closed interval
I = [0,1] intoX with the compact-open topology. Let the functionP(a) :P(X)×P(X)→
P(X) be defined by
P(a)(λ,µ)(t)= a(λ(t),µ(t)) (2)
for all λ,µ ∈ P(X) and t ∈ I .
One can easily check that P(a) is a continuous function and that the pair (P (X),P (a))
is an S-space. The shorter notation for this S-space will be P(X,a). For every t ∈ I ,
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there is a natural evaluation S-map et :P(X,a)→ (X,a) given by et (λ)= λ(t) for every
λ ∈ P(X). The composition of any function F into P(X) with et will be denoted by Ft .
Definition 2.1. Let f,g : (X,a)→ (Y, b) be S-maps between S-spaces. We shall say that
f and g are S-homotopic and write f S g provided there is an S-map H : (X,a)→
P(Y,b) called S-homotopy joining f and g such that H0 = f and H1 = g.
Theorem 2.1. Let (X,a) and (Y, b) be S-spaces. The relation of S-homotopy is an
equivalence relation on the set of all S-maps from (X,a) into (Y, b).
Proof. (Reflexive.) For an S-map f : (X,a)→ (Y, b), define H : (X,a)→ P(Y,b) by
H(x)(t) = f (x) for every x ∈ X and every t ∈ I . Then H is an S-homotopy joining f
to itself.
(Symmetric.) Let H : (X,a)→ P(Y,b) be an S-homotopy joining S-maps f and g.
Define K :X→ P(Y ) by K(x)(t)=H(x)(1− t) for every x ∈ X and every t ∈ I . Then
H is an S-homotopy joining g and f .
(Transitive.) Let U,V : (X,a)→ P(Y,b) be S-homotopies joining S-maps f and g and
g and h, respectively. Define W :X→ P(Y ) by
W(x)(t)=
{
U(x)(2t), x ∈X, t ∈ J ,
V (x)(2t − 1), x ∈X, t ∈K , (3)
where J = [0,1/2] and K = [1/2,1]. Then W is an S-homotopy joining f and h. ✷
The S-homotopy class of an S-map f : (X,a)→ (Y, b) is denoted by [f ]S .
Theorem 2.2. If f,g : (X,a)→ (Y, b) are S-homotopic S-maps, then relations f ◦ hS
g ◦ h and k ◦ f S k ◦ g hold for all S-maps h into (X,a) and k from (Y, b).
Proof. Let H : (X,a)→ P(Y,b) be an S-homotopy joining f and g. The composition
H ◦ h is an S-homotopy between f ◦ h and g ◦ h.
On the other hand, the composition P(k) ◦ H is an S-homotopy joining k ◦ f and
k ◦ g, where P(k) :P(Y,b)→ P(Z,d) is an S-map defined by P(k)(λ)= k ◦ λ for every
λ ∈ P(Y ). ✷
The above theorem allows us to define the composition of S-homotopy classes by the
rule [g]S ◦ [f ]S = [g ◦ f ]S . Therefore, we can talk about the S-homotopy categoryK with
objects S-spaces and with morphisms S-homotopy classes of S-maps. It is clear how one
defines the notions of S-homotopy domination, S-homotopy equivalence, and S-homotopy
type.
The following theorem shows that the functor Ep induces a full embedding of the
homotopy category H into the S-homotopy category K. A similar claim is true for the
functor Eq .
Theorem 2.3. Maps f,g :X→ Y are homotopic if and only if the S-maps f,g : (X,p)→
(Y,p) are S-homotopic.
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Proof. Let h :X× I → Y be a homotopy joining f and g. We shall define an S-homotopy
H : (X,p)→ P(Y,p) between f and g. Since P(pY )= pP(Y ), this amounts to show the
existence of a map H :X→ P(Y ). Such a map is defined by H(x)(t)= h(x, t) for every
x ∈X and every t ∈ I . Since this argument is fully reversible, our proof is completed. ✷
Our next result is also an easy consequence of nice properties of the compact-open
topology on the space of paths. It explains the connection between S-homotopy and
homotopy. As we shall see the former is much more complicated. However, there are some
similarities and analogies which we intend to explore.
Theorem 2.4. Let (X,a) and (Y, b) be S-spaces. If S-maps f,g : (X,a)→ (Y, b) are
S-homotopic, then the maps f,g :X→ Y are homotopic.
Proof. By assumption f and g are joined by an S-homotopy H : (X,a)→ P(Y,b). Since
the compact-open topology on P(Y ) is admissible, the function h :X× I → Y defined by
h(x, t)=H(x)(t) for every (x, t) ∈X× I , is a homotopy joining the maps f and g. ✷
Example 2.1. Let (I,m) be the unit closed segment with the usual multiplicationm. Let X
be a connected space. If f : (X,p)→ (I,m) is an S-map, then for every x ∈X the relation
f (x)= f (xx)= f (x)f (x) implies that f (x) must be either 0 or 1. Since f is continuous
and X is connected, it follows that f must be constant. Hence, there are only two S-maps
from (X,p) into (I,m): kX0 (the constant map from X into 0) and kX1 (the constant map
from X into 1). In a similar way one can show that there are only two S-maps from (X,p)
into P(I,m): kI0 and k
I
1 . Since these are distinct points of the Hausdorff space P(I) and X
is connected, we see that kX0 and k
X
1 provide an example of two homotopic S-maps which
are not S-homotopic.
3. S-retractions
Let (X,a) and (Y, b) be S-spaces. We shall say that (Y, b) is an S-subspace of (X,a)
provided Y is a subspace of X, the map a takes the product Y × Y into Y , and a(x, y)=
b(x, y) for all x, y ∈ Y . It is natural to denote the multiplication of an S-subspace with the
same symbol used for the multiplication on the S-space under consideration.
Definition 3.1. Let (Y, a) be an S-subspace of an S-space (X,a). An S-retraction of
(X,a) onto (Y, a) is an S-map r : (X,a)→ (Y, a) such that r(y) = y for every y ∈ Y .
When there exists an S-retraction of (X,a) onto (Y, a), then we say that (Y, a) is an
S-retract of (X,a).
Let us observe that an S-retraction is a retraction and that an S-retract is a retract. The
converses of these implications are true when the multiplication is either p or q but in
general they are not true. For example, if m denotes the standard multiplication on the unit
closed segment I and J denotes the first half [0,1/2] of it, then J is a retract of I while
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(J,m) is not an S-retract of (I,m). Indeed, every S-retraction r : (I,m)→ (J,m) would
have to satisfy an impossible condition 1/2= r(1/2)r(1)= r(1)/2.
Definition 3.2. An S-subspace (Y, a) of an S-space (X,a) is a K-retract of (X,a)
provided there are S-maps r : (X,a) → (Y, a) and H : (Y, a) → P(Y,a) such that
H(y)(0)= r(y) and H(y)(1)= y for every y ∈ Y . Such an S-map is called a K-retraction
of (X,a) onto (Y, a).
Notice that an S-retract is a K-retract. Moreover, a K-retract is an H -retract (called a
weak retract in [7, p. 28]). The converse of the last claim holds for multiplications p and
q but fail in general. In the last result in this paper we shall identify a sufficient condition
when the converse of the first claim is true.
4. Ten properties for classes of S-maps
In this section we shall use the notion of S-homotopy to define for every pair (ϕ,ψ) of
classes of S-maps ten properties for classes of S-maps denoted by GKψϕ where G is either
A, B , C, D, and E or a, b, c, d , and e.
For a class ϕ of S-maps and S-spaces (X,a) and (Y, b), let ϕ(Y,b)(X,a) denote all members
of ϕ which are S-maps from (X,a) into (Y, b). A member of ϕ(Y,b)(X,a) will be also called
a ϕ-map from (X,a) into (Y, b). We shall often identify an S-map f with the class {f }
consisting of f alone and similarly identify an S-space (X,a) with the class {(X,a)}. We
shall use Dϕ and Cϕ to denote classes of domains and codomains of members of the
class ϕ.
Definition 4.1. Let ϕ, ψ , and ω be classes of S-maps. A class ω is said to be AKψϕ provided
for every ω-map j and every ϕ-map f with Cf =Dj there is a ψ-map g with j ◦ f S g.
When the S-map g is required to satisfy j ◦ f S j ◦ g we say that ω is BKψϕ . It is said to
be CKψϕ provided for every ω-map j and every ϕ-map f with Cf = Cj there is a ψ-map
g with j ◦ g S f . On the other hand, ω is DKψϕ provided j ◦ f S g for every ω-map j ,
every ϕ-map f with Cf =Dj , and every ψ-map g with Cg = Cj and Dg =Df . Finally,
the class ω is said to be EKψϕ provided j ◦ f S j ◦ g for every ω-map j , every ϕ-map f
with Cf =Dj , and every ψ-map g with Cg =Dj and Dg =Df .
Let us agree that a class Y of S-spaces is GKψϕ for G ∈ {A,B,C,D,E} provided the
class ι(Y) of identity S-maps on members of Y is GKψϕ and an S-space (Y, b) is GKψϕ
provided the class {(Y, b)} is GKψϕ . Similarly, an S-map f is GKψϕ provided the class {f }
is GKψϕ .
We get dual versions of the above notions if instead of ϕ-maps into domains of members
of the class ω we consider ϕ-maps from codomains of members of ω. For these notions we
shall use the notation gKψϕ , where g ∈ {a, b, c, d, e}.
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Example 4.1. Let iϑ denote the class of all injective S-maps. If Y is a contractible space,
then (Y,p) is AKγiϑ .
Indeed, let (X,a) be an S-space and let f be an iϕ-map from (X,a) into (Y,p). By the
lemma below, a = p. Since Y is contractible, the map f is homotopic and therefore also
S-homotopic to a constant S-map.
Lemma 4.1. If there exists an injective S-map f : (X,a)→ (Y,p), then a = p.
Proof. Let x, y ∈ X. Then f (xy) = f (x)f (y) = f (x). Since f is one-to-one, we get
xy = x . ✷
Example 4.2. Let sϑ denote the class of all surjective S-maps. If X is a contractible space,
then (X,p) is aKγsϑ .
Indeed, let (Y, b) be an S-space and let f be an sϑ-map from (X,p) into (Y, b). By the
lemma below, b = p. Since X is contractible, the map f is homotopic and therefore also
S-homotopic to a constant S-map.
Lemma 4.2. If there exists a surjective S-map f : (X,p)→ (Y, b), then b= p.
Proof. Let u,v ∈ Y . Since f is onto, there are x, y ∈ X with f (x) = u and f (y) = v.
Then uv = f (x)f (y)= f (xy)= f (x)= u. ✷
An S-space (X,a) is surjective provided the map a :X×X→X is onto. Let O denote
the class of all surjective S-spaces.
Example 4.3. Let (Y, y0) be a pointed topological space. Let t :Y ×Y → Y be the constant
function into the point y0. Let (X,a) be a surjective S-space. If f : (X,a)→ (Y, t) is an
S-map, then for every x ∈ X we can find y, z ∈ X with x = yz so that f (x) = f (yz) =
f (y)f (z)= y0. Hence, (Y, t) is AKγO . Notice that the S-space (Y, t) is also DKOO.
For an S-space (Y, b), let E(Y,b) denote all idempotent elements of (Y, b), i.e., the set
of all y ∈ Y such that y = b(y, y). An S-space (X,a) is idempotent provided every element
of X is idempotent, i.e., X=E(X,a). Let E denote the class of all idempotent S-spaces.
Example 4.4. Let (X,x0) be a pointed topological space. Let t :X × X → X be the
constant function into the point x0. Let (Y, b) ∈ E . If f : (X, t)→ (Y, b) is an S-map,
then for every x ∈X we have f (x0)= f (xx)= f (x)f (x)= f (x). Hence, only constant
maps are S-maps from (X, t) into (Y, b). It follows that (X, t) is aKγ
ϑE .
Example 4.5. Observe that the S-space (Y,p) from the Example 4.1 is DKϑiϑ .
Indeed, let (X,a) be an S-space and let f be an iϕ-map and let g be an S-map from
(X,a) into (Y,p). By the Lemma 4.1, a = p. Since Y is contractible, the maps f and g
are homotopic and therefore also S-homotopic.
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Example 4.6. Let spϑ denote the class of all surjective S-maps with pathwise connected
codomain. If X is a contractible space, then (X,p) is dKϑspϑ .
Indeed, let (Y, b) be an S-space and let f be an spϑ-map and let g be an S-map from
(X,p) into (Y, b). By the Lemma 4.2, b = p. Since X is contractible, the maps f and
g are homotopic to constant maps and therefore also homotopic because Y is pathwise
connected. Hence, f and g are S-homotopic.
Example 4.7. Let pE denote the class of all pathwise connected idempotent S-spaces. Let
(X, t) be the S-space from the Example 4.3 and let (Y, b) ∈ pE . Since only constant maps
are S-maps from (X, t) into (Y, b) and Y is pathwise connected, whenever f and g are two
such S-maps we can join f (x0) and g(x0) by a path λ : I → Y and define an S-homotopy
H joining f and g by the formula H(x)(t) = λ(t) for every x ∈ X and every t ∈ I . It
follows that (X, t) is dKϑ
ϑpE .
We shall now introduce the concept of domination for (classes of) S-maps and S-spaces
and prove that it preserves ten properties defined above. In order to save space, in results
dealing with properties which have dual forms, throughout this paper we shall state only
one version and leave to the reader the task of formulating and proving a dual version.
Definition 4.2. For S-maps f and g and classes µ and ν of S-maps, we shall write gDνµf
and say that f is Kνµ-dominated by g provided there are m and n from µ and ν such that
f is S-homotopic to the composition n ◦ g ◦m.
This notation is extended to S-spaces and classes of S-maps and S-spaces in the usual
fashion. For example, (Y, b)Dνµ(X,a) replaces id(Y,b)Dνµid(X,a) while for classes ϕ and
ψ of S-maps, we write ψDνµϕ provided for every f in ϕ there is some g in ψ which
Kνµ-dominates f .
Theorem 4.1. Let α, β , ϕ, ψ , µ, ν, ω, and π be classes of S-maps. Let πDνµω.
(1) If π is AKβα , µ is AKαϕ , and ν is AKψβ , then ω is AKψϕ .
(2) If π is BKβα , µ is both AKαϕ and CKψβ , then ω is BKψϕ .
(3) If π is CKβα , µ is CKψβ , and ν is CKαϕ , then ω is CKψϕ .
(4) If π is DKβα , µ is AKαϕ , and ν is CKβψ , then ω is DKψϕ .
(5) If π is EKβα , µ is both AKαϕ and AKβψ , then ω is EKψϕ .
Definition 4.3. Let ϕ, ψ , and ω be classes of S-maps. Then ω is Kψϕ -factorizable or KFψϕ
provided every member of ω is S-homotopic to a composition g ◦ f with f from ϕ and g
from ψ .
Theorem 4.2. Let α, β , ϕ, ψ , µ, ν, and ω be classes of S-maps and G ∈ {A,B,C}.
(1) If ω is GKβα , µ is aKψβ , and ϕ is KFαµ, then ω is also GKψϕ .
(2) If ω is DKβα , µ is cKβψ , and ϕ is KFαµ, then ω is also DKψϕ .
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(3) If ω is DKβα , ν is cKβϕ , and ψ is KFβν , then ω is also DKψϕ .
(4) If ω is KFνµ, µ is EKψϕ , then ω is also EKψϕ .
(5) If ω is KFνµ and ν is EKπ◦ψπ◦ϕ , then ω is also EKψϕ .
Let us also agree that ψ ◦ ϕ denotes the collection of all compositions g ◦ f where f is
an S-map from the class ϕ and g is an S-map from the class ψ .
Theorem 4.3. Let α, ϕ, ψ , ω, and π be classes of S-maps.
(1) If ω is AKαϕ and π is AKψα , then π ◦ω is AKψϕ .
(2) If ω is CKψα and π is BKαω◦ϕ , then π ◦ ω is BKψϕ .
(3) If ω is BKαϕ , AKβα , and CKψµ and π is BKµβ , then π ◦ ω is BKψϕ .
(4) If ω is CKψα and π is CKαϕ , then π ◦ ω is CKψϕ .
(5) If ω is DKαϕ and π is CKαψ , then π ◦ω is DKψϕ .
(6) If ω is AKαϕ and π is DKψα , then π ◦ ω is DKψϕ .
(7) If π is EKω◦ψω◦ϕ , then π ◦ ω is EKψϕ .
(8) If ω is EKψϕ , AKαϕ , and AKβψ and π is EKβα , then π ◦ ω is EKψϕ .
For classes ω and π of S-maps, we shall denote by πω and πω the collections of all
members p of π such that there exists a member w of ω for which the compositions p ◦w
and w ◦ p are well-defined, respectively.
Definition 4.4. Let ϕ and ψ be classes of S-maps. An S-map j : (X,a)→ (Y, b) is a
K
ψ
ϕ -monomorphism or Kmψϕ provided for every ϕ-map f and every ψ-map g the relation
j ◦ f S j ◦ g implies the relation f S g. A class ω of S-maps is Kmψϕ provided each
member j of ω is a Kmψϕ . The dual notion of a Kψϕ -epimorphism or Keψϕ is defined
similarly.
Theorem 4.4. Let α, β , ϕ, ψ , ω, and π be classes of S-maps.
(1) If π is Kmψω◦ϕ and CKψα and π ◦ ω is AKψϕ , then ωπ is AKψϕ .
(2) If ω is CKαϕ and π ◦ ω is AKψα , then πω is AKψϕ .
(3) If π is Kmαβ , ω is AKαϕ and AKβψ , and π ◦ ω is BKψϕ , then ωπ is BKψϕ .
(4) If ω is CKαϕ and AKψβ and π ◦ ω is BKβα , then πω is BKψϕ .
(5) If π is Kmϕω◦ψ and AKαϕ and π ◦ ω is CKψα , then ωπ is CKψϕ .
(6) If ω is AKαψ and π ◦ ω is CKψϕ , then πω is CKαϕ .
(7) If π is Kmψω◦ϕ and AKαψ and π ◦ ω is DKαϕ , then ωπ is DKψϕ .
(8) If ω is CKϕα and π ◦ ω is DKψϕ , then πω is DKψα .
(9) If π is Kmω◦ψω◦ϕ and π ◦ ω is EKψϕ , then ωπ is EKψϕ .
(10) If ω is CKαϕ and CKβψ and π ◦ω is EKβα , then πω is EKψϕ .
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5. Ten properties examined
We shall now explore the relationship between ten properties defined in the previous
section.
Definition 5.1. Let X and Y be classes of S-spaces. A class ϕ of S-maps is said to be
KYX -modest or KM
Y
X provided the set ϕ
(Y,b)
(X,a) is not empty for every (X,a) in X and every
(Y, b) in Y .
In the next six theorems ϕ, ψ , and ω are classes of S-maps.
Theorem 5.1. If ω is DKψϕ and ψ is KMCωDϕ , then ω is also AKψϕ .
Let NE stand for the class of all S-spaces (X,a) such that E(X,a) is not an empty set.
Notice that NE is the largest class Y of S-spaces such that γ is KMYS . Hence, from the
previous theorem we get the following.
Corollary 5.1. If a class Y of S-spaces is DKX and Y ⊂NE , then Y is AKX .
Theorem 5.2. If ω is DKϕψ and ψ is KMDωDϕ , then ω is also CKψϕ .
Definition 5.2. Let X and Y be classes of S-spaces. A class ϕ of S-maps is said to be
KYX -equal or KE
Y
X provided any two ϕ-maps from a member of X into a member of Y are
S-homotopic.
Theorem 5.3. If ω is AKψϕ and ψ is KECωDϕ or ω is CKϕψ and ψ is KEDωDϕ , then ω is DKψϕ .
Let PE denote the class of all S-spaces (X,a) such that E(X,a) is pathwise connected.
Since the class γ of all constant S-maps is KFPES , the above theorem implies the following.
Corollary 5.2. If a class Y of S-spaces is AKX and Y ⊂ PE , then Y is DKX .
The following two results provide a partial converse to the Theorems 5.1 and 5.2 while
the Theorem 5.6 provides a partial converse to the Theorem 5.3.
Theorem 5.4. If ω is AKψϕ and ϕ is KMDωDϕ , then ψ is KMCωDϕ .
Theorem 5.5. If ω is CKψϕ and ϕ is KMCωDϕ , then ψ is KMDωDϕ .
Theorem 5.6. If ω is DKψϕ and ϕ is KMDωDϕ , then ψ is KECωDϕ .
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6. S-contractibility
An S-space (Y, b) is said to be S-contractible provided the identity S-map idY is
S-homotopic to a constant S-map.
Theorem 6.1. If an S-space is S-contractible, then it is aKNE and dKPE , and both AKX
and DKX for every class X of S-spaces.
Theorem 6.2. If an S-space is either AKX or aKX and belongs to the class X , then it is
S-contractible.
Theorem 6.3. If X is a subclass of NE and an S-space is either DKX or dKX and
belongs to the class X , then it is S-contractible.
Theorem 6.4. An S-space which is S-homotopy dominated by an S-contractible S-space
is itself S-contractible.
7. SX -fibrations
Definition 7.1. Let X be a class of S-spaces. An S-map f : (T ,u)→ (B, v) is an SX -
fibration provided for every (X,a) from the class X and all S-maps g : (X,a)→ (T ,u)
and F : (X,a)→ P(B,v) with F0 = f ◦ g, there is an S-map G : (X,a)→ P(T ,u) such
that G0 = g and f (G(x)(t))= F(x)(t) for every x ∈X and every t ∈ I .
Let Sp and Sq denote the classes of all S-spaces (X,a) where a = p and a = q ,
respectively. Observe that an S-map f : (X,p)→ (Y,p) is an SSp -fibration if and only
if the map f :X→ Y is a Hurewicz fibration. Similarly, an S-map f : (X,q)→ (Y, q) is
an SSq -fibration if and only if the map f :X→ Y is a Hurewicz fibration.
An S-space (B, v) is pathwise SX -connected provided for all y0, y1 ∈ B there is an
(X,a) in the class X and an S-homotopy λ : (X,a)→ P(B,v) with λ(x)(0) = y0 and
λ(x)(1)= y1 for every x ∈X.
Theorem 7.1. If f : (X,a)→ (Y, b) is an SX -fibration from the S-space (X,a) in the
class NE into a pathwise SX -connected S-space (Y, b), then f is a surjection.
Proof. Let e ∈ E(X,a). Let d = f (e). Observe that d ∈ E(Y,b). Let c ∈ Y . Since (Y, b)
is pathwise SX -connected, there is an (M,u) ∈ X and an S-map F : (M,u)→ P(Y,b)
with F(x)(0) = d and F(x)(1) = c for every x ∈ M . Let g : (M,u)→ (X,a) be the
constant S-map into e. Notice that F1 = f ◦ g. Since f is an SX -fibration, there is an
S-map G : (M,u)→ P(X,a) with G0 = g and f (G(x)(t)) = F(x)(t) for all x ∈M and
t ∈ I . In particular, f (G(x)(1))= F(x)(1)= c. Hence, f is a surjection. ✷
Theorem 7.2. The composition of SX -fibrations is an SX -fibration.
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Theorem 7.3. Let ϕ and ψ be classes of S-maps. Let j : (X,a)→ (Y, b) be an S-map
which is both DKψϕ and an SDψ -fibration. If the class ϕ is KMXDψ , then the S-map j is also
CKϑψ .
8. SX -cofibrations
Definition 8.1. Let X be a class of S-spaces. An S-map f : (T ,u)→ (B, v) is an SX -
cofibration provided for every (X,a) from the class X and all S-maps g : (B, v)→ (X,a)
and F : (T ,u)→ P(X,a) with F0 = g ◦ f , there is an S-map G : (B, v)→ P(X,a) such
that G0 = g and G(f (x))(t)= F(x)(t) for every x ∈ T and every t ∈ I .
Observe that an S-map f : (X,p)→ (Y,p) is an SSp -cofibration if and only if the map
f :X→ Y is a cofibration and that an S-map f : (X,q)→ (Y, q) is an SSq -cofibration if
and only if the map f :X→ Y is a cofibration.
LetX be a subclass ofNE . An S-space (T ,u) is pathwise SX -connected provided for all
x0, x1 ∈ T , x0 = x1, there is an (X,a) in the class X , an e ∈E(X,a), and an S-homotopy
λ : (T ,u)→ P(X,a) with λ(x)(0)= e for every x ∈ T and F(x0) = F(x1).
Theorem 8.1. Let X ⊂NE . If f : (T ,u)→ (B, v) is an SX -cofibration from the pathwise
SX -connected S-space (T ,u) into an S-space, then f is an injection.
Proof. Suppose that there are different points x0 and x1 from T such that f (x0)= f (x1).
Since (T ,u) is pathwise SX -connected, there is an (X,a) ∈ X , an e ∈ E(X,a), and an
S-map F : (T ,u)→ P(X,a) with F(x)(0) = e for every x ∈ T and F(x0) = F(x1). Let
g : (B, v)→ (X,a) be the constant S-map into e. Notice that F1 = g ◦ f . Since f is an
SX -cofibration, there is an S-map G : (B, v)→ P(X,a) with G0 = g and G(f (x))(t) =
F(x)(t) for all x ∈ T and t ∈ I . In particular, F(x0) = G(f (x0)) = G(f (x1)) = F(x1).
This however contradicts the way in which F was selected. Hence, f is an injection. ✷
Theorem 8.2. The composition of SX -cofibrations is an SX -cofibration.
Theorem 8.3. Let (Y, a) be an S-subspace of an S-space (X,a) such that the inclusion
i : (Y, a)→ (X,a) is an S{(Y,a)}-cofibration. Then (Y, a) is an S-retract of (X,a) if and
only if (Y, a) is a K-retract of (X,a).
Proof. Since we already noticed that the “only if” part is always true, it remains to
show the “if” part. Choose S-maps r : (X,a)→ (Y, a) and H : (Y, a)→ P(Y,a) such
that H(y)(0) = r(y) and H(y)(1) = y for every y ∈ Y . The assumption about the
inclusion i implies the existence of an S-map K : (X,a)→ P(Y,a) such that K0 = r and
H(y)(t)=K(y)(t) for every y ∈ Y and every t ∈ I . Then K1 is an S-retraction of (X,a)
onto (Y, a). ✷
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